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Modification of Decay Constants of Superstring Axions: 
Effects of Flux Compact ificat ion and Axion Mixing 
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We study possibilities for lowering the decay constants of superstring axions. In the heterotic 
Calabi-Yau compactification, a localized model-dependent axion can appear at a nearly collapsing 
2-cycle. The effect of flux can be used for generating warp factor suppression of the axion decay 
constant. We also point out that the hidden sector instanton potential much higher than the QCD 
instanton potential picks up the larger effective axion decay constant as that of the QCD axion. 
We show that this can be converted by introducing many hidden-sector quarks so that the decay 
constant of the QCD axion turns out to be much smaller than the string scale. 
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I. INTRODUCTION 

One of the most puzzling problems of the standard 
model is the strong CP problem. There are a few ap- 
pealing solutions on the strong CP problem among 
which the most attractive and promising one is consid- 
ered to be a spontaneously broken Peccei-Quinn(PQ) 
symmetry 0. At present, the resulting invisible ax- 
ion is phcnomcnologically allowed only within the win- 
dow 10 9 GeV < F a < 10 12 GeV, with the upper end 
plausible for the axion to be a candidate of dark mat- 
ter. If so, it is better for the invisible axion to be re- 
alized in the most fundamental theory such as in su- 
perstring theory. Indeed, superstring theories provide 
such a candidate in the components of the antisymmet- 
ric tensor field Bmn {M, N = 0, 1, ■ • • ,9], in terms of 
the model-independent axion(MI-axion) [3j and/or the 
model-dependent axions (MD-axion) £|. 

When we consider unbroken nonabelian groups, there 
appear corresponding 9 parameters and as such the same 
number of axions is required to settle all the 6 parame- 
ters. Our interest regarding the strong CP problem is 
the QCD axion for which the afore-mentioned window 
for the axion decay constant is applicable. For the MI- 
axion, the decay constant is of order 10 16 GeV which is 
harmful if it is interpreted as the QCD axion 5]. For 
the MD-axions, the decay constants take generic values 
of order the string scale since it is the only scale of the 
theory. If there exist several axions, axion masses are de- 
termined by the scales of the corresponding nonabelian 
gauge groups and also by the axion decay constants. If 
some plausible cancellation occurs such that one axion is 
almost a Goldstone boson the decay constant of the 
corresponding axion can be much bigger than the Planck 
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scale, which is desirable for it to be a quintessential ax- 
ion. For some inflationary models, such a large decay 
constant is needed 0- But generically, we expect that 
the decay constants are of order the string scale 0. 

Therefore, it is desirable to have some smaller scales for 
decay constants of superstring axions. Recently, gener- 
ating such hierarchical scales has been explored in the 
extra-dimensional context. Those mechanisms involve 
the localization of dynamical degrees of freedom at some 
location in compactified space. Especially, the localiza- 
tion of the gravity enables us to scale down the overall 
scales of physics of interest, introducing a warp factor Q. 

The well-known warping from string models arises 
from the Klebanov-Strassler(KS) throat geometry In 
Type IIB string models, Giddings, Kachru and Polchin- 
ski(GKP) localized the (Fijk) flux by the balancing act 
of the {Hijk) flux [9( so that stringy realization of the 
Randall-Sundrum type model with stabilization mech- 
anism has been successfully constructed. In heterotic 
strings, supersymmetric compactification with flux yields 
a warped product of 4D Minkowski spacetime and non- 
Kahlcr internal manifold, where the necessary conditions 
for a warp factor were given a long time ago by Stro- 
minger [lOj. Recently Becker et al. worked on compact- 
ification of heterotic strings on the non-Kahler manifold 
with the use of fluxes of antisymmetric tensor field Bmn 
Here, the interpretation of the warp factor in the 
closed string theory assumes some kind of localization of 
wave functions. 

Our prime objective is to find out mechanisms of low- 
ering axion decay constants. One easy method is an in- 
termediate scale compactification In this paper, we 
look for a possibility of warping the effective axion decay 
constants in compactifications of string models. Previous 
discussions 0, 0, 0, on superstring axions did not 
consider the effects of warp factors and the localization 
of superstring axions. If the background is unwarped, 
it is unavoidable to have the axion decay constant at 
the string scale unless we deal with a large volume com- 
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pactification. To have a large hierarchy of axion decay 
constants, we emphasize that a warped background is 
effective for some localized MD-axions. 

In the end, we discuss the effect of axion mixing. We 
point out that the hidden sector instanton potential much 
higher than the QCD instanton potential leads to the 
larger effective axion decay constant as that of the QCD 
axion due to the axion mixing. However, it is possible 
to choose the smaller decay constant as the QCD axion 
decay constant by introducing many light hidden-sector 
quarks. 



II. WARPING IN HETEROTIC STRING 
MODELS 

In this section, we consider the heterotic string theory 
compactified with flux. 1 In compactification of string 
models, it is required for the vacuum to possess a four 
dimensional(4D) Af—l supersymmetry after compactifi- 
cation, which is studied from the D = 10 supersymmetry 
transformation of Fermi fields: gravitino ipMi dilatino A 
and gaugino £ which transform by 



S e X = 
64 = 2Fe 



V M eH 
e + ±He, 



(1) 



where cj) is dilaton, Fmn is the field strengths of gauge 
fields and 3-form flux Hmnp is defined in terms of NS 
2-form potential Bmn and the Yang-Mills Chern-Simons 
term ujy and Lorentz Chern-Simons term lul according 
to 



H = dB 



a 
1 



LO Y - UJ L 



(2) 



Here, the bold faced ones are the field strengths con- 
tracted with appropriate 10D 7 matrices, for example 
Hm = H MNP j NP . 

The pioneering work of Candelas et al. [jj} searched 
for vacua having non-zero covariantly constant super- 
symmetry parameter e in case fluxes vanish, Hm = 
and H = 0, and obtained the background manifold with 
Kahler geometry. For the case of 6D internal space, it is 
the Calabi-Yau space which has SU(3) holonomy. 

More general conditions required for 4D W=l super- 
symmetry with non-vanishing fluxes have been obtained 
in Ref. [l(|. The recent work EH obtained non-singular 
solutions satisfying Strominger's four conditions. With 
non- vanishing fluxes, the internal manifold turns out to 
be non-Kahler. 

The geometry of compactification and the dynamics of 
low energy fields in the string theory are described by 



1 Recently, there has been a detailed analysis on lo weri ng axion 
decay constant in type II string theories by Conlon 



10D low energy supergravity whose bosonic part is 
1 



S = 



,-20 



K + 4|50| 2 - \\H\ 2 + ^tr\F\ 2 + 2£ GS ) (>!. 



where k±q is the inverse of reduced 10D Planck mass, and 
£gs is the Green-Schwarz term. 

The Ml-axion is the antisymmetric tensor field in the 
tangent 4D space. Its equation of motion is determined 
universally from the Bianchi identity: 



dH = RA R- 



F AF, 



i.e. the Bp Vp coupling to the gluon field strength is 

31 c U p- L± i'pij 30^2!' ± pu- 1 - pa- 



(4) 



(5) 



Defining H^ vp = Me fJi ^ p(7 d a 'aMi in terms of the properly 
normalized Ml-axion omi, basically M turns out to be 
proportional to the Ml-axion decay constant. M is deter- 
mined by 4D Planck scale and the scale of the coefficient 
of \H\ 2 term in 4D effective action. From the ratio of 
warp factors of the Einstein-Hilbert term and the \H\ 2 
term in |J3}, we find that the Ml-axion does not have a 
warp factor dependent decay constant. This is because 
the RHS of Eq. JSJ is a topological term. 

For MD-axions, Bij, i,j are internal space indices. For 
these MD-axions, there can be warp factor dependence. 
The MD-axions couple to field strengths via the Green- 
Schwarz term 



J d w x£ GS = c J (-3BX 8 + 2X°X°) 



(6) 



for which the couplings of MD-axions are schematically 
given as dUl Eg, 



B AF AF AF AF - 



(7) 



Depending on the way B^ is embedded in the internal 
space, MD-axions can be localized. The Hodge-Betti 
number 6(1,1) corresponds to the number of MD-axions. 
In CY spaces, it is known that 6(1,1) > 1 H3; thus there 
exists at least one MD-axion. The MD-axion in the sim- 
plest case of 6(1,1) = 1 corresponds to the breathing mode 
of the internal space. Even with fluxes, this breathing 
mode couples to the Es and Eg anomalies without expo- 
nentially small decay constant since the breathing mode 
is not localized. 

Recently, Becker et al. obtained an interesting non- 
Kahler geometry with heterotic flux compactification 
[Tl|. In the string frame, the background is a direct 
product of 4D spacetime and an internal six-dimensional 
manifold with the 10D metric 



ds 2 = rj tiu dx^dx v + ds 2 6 y 



(8) 
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FIG. 1: The Calabi-Yau twofold is obtained by blowing up 
T 4 /Z2 orbifold. This is achieved by cutting around a singular 
fixed point and replacing it with a smooth manifold (squeezed 
throat), which is also moded out by the same Z2. 



The internal space geometry is a T 2 bundle over the base 
K3 manifold 

ds 2 {e) = e 2 ^ds| 3 + (dy 5 + a 5 ) 2 + {dy 6 + a 6 ) 2 (9) 

where ds^ is the metric for the four dimensional base 
manifold K3, with coordinates t/i, • • ■ , 2/4. Here, <f> is dila- 
ton and 1-forms 05 and depend only on the K3 co- 
ordinates. To obtain 4D Af= 1 SUSY, the torus must 
be fibered nontrivially, which leads to the complication 
of the solution. However, such twisting has only global 
effects. 

To discuss the property of warped geometry arising 
near 2-cycles of the above solution, it is enough to con- 
sider the triv ially fibered case. In the orbifold limit of 
fC3-manifold [2(j , ds^ describes a fiat 4-torus T 4 and 

A 2 = c + Az 1 + Bz 2 + c.c, with A = 

(10) 

H = Adz 1 A dz 2 A dz 2 + Bdz 1 A dz 1 A dz 2 + c.c. 

where z 1 and z 2 are the coordinate of T 4 . The 10D metric 
in the Einstein frame is given by 

ds% = A^^^^dx^dx") (11) 
+ A- 1 / 2 ((dx + ai ) 2 + (dy + a 2 ) 2 ) + A 3 / 2 rf4 3 . 

One can easily see that the flecker et al. solution gives a 
power-law warp factor for cq -C Az 1 + Bz 2 . Even though 
we have not obtained an exponential warp factor here, 
exponential warp factors may arise in some other flux 
compactifications. 

The warp factor effect is significant for localized fields 
. Strings on fixed points (in the twisted sector) in the 
orbifold compactification are considered to be localized, 
and hence can have warp factors if the orbifold is a limit 
of some manifold with fluxes. These localized strings 
cannot be moved to the bulk because of the closed string 
condition, satisfying the modding group, around the fixed 
point. For some CY spaces, there exist the corresponding 
orbifolds from which the CY space can be made by blow- 
ing up the fixed points as shown for T 4 jZi orbifold in Fig. 
n Let us call the corresponding region in the CY space 



'squeezed throat'. Around the fixed point of the orbifold 
and hence around the cut line of the corresponding CY 
space, topological invariants must be the same. Namely, 
the curve around the fixed point (solid and dashed line 
ring of Fig. da)) and the closed ring in the bulk (the 
dashed line ring of Fig. Ufa)) have different topologi- 
cal properties and hence from the topological argument 
the solid-dash ring cannot be moved to the dashed ring 
without obstruction of topology. Even though there is 
no singularity in the corresponding CY space as shown 
in Fig. I^b), the solid-dash ring of Fig. ^b) cannot be 
moved to the dashed ring of Fig. IHb) without obstruc- 
tion of topology, because the topological number must 
change in the CY space also for this to happen. 

Now from physical argument, we can guess which MD- 
axions can have warp factors. The MD-axion correspond- 
ing to the breathing mode must belong to the cycle en- 
compassing the whole internal space, and hence it does 
not belong to a localized string. So the breathing mode 
MD-axion would not have a warp factor. The remaining 
MD-axions belonging to some squeezed throat of the CY 
space and can have warp factors. The maximum number 
of MD-axions having the warp factors is 

6(1,1) - 1- ( 12 ) 

Even if a MD-axion is localized at a fixed point, it does 
not necessarily mean that it has a warp factor. The ad- 
ditional condition is to have a stable squeezed throat a 
la KS and GKP. 

To set up the dynamical scale of axion fields by warp 
factor, it is crucial to understand how the wavefunction 
of a 4D massless field is localized in the compactificd 
internal manifold X. The zero modes are determined 
by harmonic p-forms u) satisfying A^w = where the 
Laplacian is defined by A^ = d)d + dd^ = (d + d^) 2 . 
Here, the adjoint exterior derivative operator on p-form 
uj = ^uj^^dx^ 1 A ■ • • A dx^p is 

d f w = — V'W, v dx U2 A • • • A dx u » . (13) 
p! 

The Laplacian acted on the p-form u) is written explicitly 
by 

+ VV [v w w ...^ (] )da^ 1 A ■ • • A dx^. (14) 

Harmonic p-forms belong to the cohomology group 
H P {X) on X. If we have a set of p-cycles {Ci} on X, 
we find the basis {ujj} for the harmonic p- forms such 
that the period satisfies 

/ u 3 = % (15) 

due to de Rham's theorem. The harmonic p-forms are 
the zero mode wave functions. The period integrated 



7] 



4 



over the same homology class where the integration is 
performed has the same value. This fact indicates that 
the wave function has the largest value on the smallest 
cycle in the same homology class. If a cycle can be de- 
formed to a nearly vanishing size, the zero mode wave 
function is localized like a delta- function at that point, 
which is the case for the twisted mode in the orbifold 
compactification. 

The zero mode wave function of E 8 x Eg gauge fields are 
determined by harmonic zero forms which cannot have 
the localization effect discussed in the preceding para- 
graph. However, the zero mode wave function of MD- 
axions are from harmonic 2-forms, and thus it is impor- 
tant to examine the 2-cycles which can shrink to a point 
where the effect of the warp factor is significantly large. 

In summary, some MD-axion(s) in the heterotic string 
can be localized and its scale can have a warp factor sup- 
pression. But, for MD-axions, there may appear danger- 
ously large superpotential terms as pointed out by Wen 
and Witten [21j. However, the size of these terms depend 
on details of compactification. 



III. AXION MIXING 

If there exist more than one axion, one crucial question 
is what is the QCD axion and its decay constant. Even 
if the scale of one MD-axion is warped to give an inter- 
mediate scale, it is not automatic that the scale of the 
QCD axion is at the intermediate scale because the scale 
of Ml-axion is of order 10 16 GeV. A naive guess leads to 
a 10 16 GeV for the scale of the QCD axion. 

In fact, the above pessimistic comment is related to our 
another method of lowering the axion decay constant. 

Let us consider two nonabelian gauge groups, the hid- 
den sector group, say SU(N)h, confining at the inter- 
mediate scale and QCD SU(3) C , and two axions a\ and 
0,2 with decay constants F\ and F% with a hierarchy 
F\ 3> i*2- Considering two axions is equivalent to in- 
troducing two global symmetries. If mass eigenstates are 
nontrivial mixtures of a\ and 0.2, then the higher instan- 
ton potential corresponds to the lower decay constant and 
the lower instanton potential corresponds to the higher 
decay constant . 2 On the other hand, remember that 
if there exists a massless quark then the instanton poten- 
tial vanishes, which corresponds to a flat axion potential. 
Therefore, for a light quark mass m q the instanton po- 
tential is proportional to m q |22j . For n light quarks, one 
might naively expect a power law of to™, which however 
is not warranted. This is because there is only one 9 pa- 
rameter for a nonabelian group and only one current out 
of n quark currents contributes to the axion potential. 3 
This is the reason that the QCD axion potential has only 



2 In Ref. [3 the power was not correctly given. 

3 The instanton potential for does not have a quark mass. 



one light quark mass factor |l(. Here also, this property 
of one power of current mass is not changed. 

Naively, it is guessed that the hidden sector instan- 
ton potential is much higher than the QCD instanton 
potential in which case the QCD axion corresponds to 
the larger axion decay constant iq, which is harmful. 
But, if almost massless hidden-sector quarks exist, then 
one can obtain a much lower hidden-sector instanton po- 
tential but the suppression is only with one mass factor 
of hidden-sector quarks. But the following study shows 
that one must introduce sufficiently many hidden-sector 
quarks. 



A. Analogy to old (7(1) problem, instanton 
potential and 7/'-like particle masses 

Our objective is to lower the hidden-sector instanton 
potential below that of the QCD instanton potential. In 
analogy with the resolution 23] of the old U(l) prob- 
lem, we determine the height of the hidden-sector ax- 
ion potential. The relevant Lagrangian with the hidden- 
sector SUSY SU(N)h gauge group with one hidden- 
sector quark q is 

C x = —MXX — mqq + Anst + h.c. (16) 

where A is the hidden-sector gaugino, q is the hidden- 
sector quark, and Anst is the 't Hooft determinental in- 
teraction, 

C inst =e-^- ie (\\) N (qq) (17) 

which shows that a chiral rotation by angle a on the 
hidden-sector quark is equivalent to changing the 9 pa- 
rameter by a, and a chiral rotation by angle a on the 
hidden-sector gaugino is equivalent to changing the 9 pa- 
rameter by Na. The resolution of the old U(l) problem 
comes from the instanton term, which will be manifest 
in the following discussion also. 

The condensations of hidden-sector gluino and hidden- 
sector quark produce composite pseudoscalar particles 
which are denoted as rj\ = F\9\ and r\ q = F q 6„, respec- 
tively, where (AA) ~ — A 3 e l9x and (qq) ~ — v 3 e q . Then, 
in the chiral perturbation theory language, we have the 
following terms from (|l(jfl and i|17|) 

-MA 3 cos6> A - mv 3 cos9 q + (Anst)- 

The problem is to calculate the expectation value of Anst- 
For this purpose, we insert the identity, 

i = \o){o\+\vx)(vx\+\v q ){v q \+--MMivx\) N \v q ){v q \+--- 

where momenta sum is understood. It can be schemat- 
ically shown as Fig. [21 The uncondensed fermion lines 
are connected with the current masses. 





FIG. 2: The fermions of the determinental interaction are 
closed by condensations or by current masses. Condensations 
accompany phases which are not shown explicitly. 



FIG. 3: A contraction of the hidden-sector quark through one 
loop effect. Chiral symmetry is broken by squark condensa- 
tion. 



Thus, we obtain an effective interaction Hamiltonian 
of the form, 



TC X = — MA 3 cos 6 X — mv 3 cos l q 
l3JV„,3 , 



- / A 3A V cos[JV0 A + 6 q + (N + 1)8} 

- AT/iA/A 3(JV_1 V cos[N6 x + 8 q + (N + 1)0 + a x ] 

- f 2 mk 3N cos[N6 x + 6 q + (N + 1)6 + a q ] + ■ ■ ■ 

where /o,/i and fa are constants. Let us choose M and 
m real, i.e. take a x = a q = 0. For two condensates and 
one axion, the 3x3 mass matrix is 



M 



where 



/ (W A +MA 3 ) jVA 4 AT(W+1)A 4 \ 

/ Ff ' F x F q ' F x F a \ 

NA 4 A 4 +mv 3 (JV+1)A 4 

FxF q F~$ F q F a 

N(N+1)A 4 (jV+l)A 4 (jV+l) 2 A 4 

F\ F a F a F a F? 



(18) 



A 4 = J A 3Ar U 3 TV 2 + / 1 AfA 3 ( JV - 1 )t; 3 iV 3 + / 2 mA 3Ar iV 2 + . • • 

where ellipses denote higher power terms of m and M. 
In the limit of A ^> M, m, we obtain three masses as 

iZ = (a\+al + al)V 
, 2 _ (a q + al)MA 3 /F f + (aj + al)mv 3 /F^ 

_1_ ^2 J_ n,1\ (19) 



A 

mv 



{a{ +a\ + al) 

3 



(l + a q )F^ + {l + a x )Zf}Fl 



where 



Z = m/M, a q = a 2 /a 2 al a x = a 2 x /a 2 a , (3 = v 3 /A 3 , 



a x = NA/F Xl a q =A/F qi 



{N+1)A/F a . (20) 



From l)19|l . with a large m there is no pseudoscalar which 
is almost massless. It is equivalent to saying that the 
QCD instanton potential is lower than the hidden-sector 
instanton potential. Then the decay constant of the QCD 
axion is at the string scale even if we have lowered some 
axion decay constant to a lower scale. 



B. Squark condensation 

To reduce the hidden sector instanton potential dras- 
tically, we may introduce a massless quark. Then from 



Eq. H19(l . the axion mass is vanishing. But the question 
is whether this masslessness of the hidden-sector quark 
is supported or not in our scenario with super symmetry. 
The chiral symmetry is present when we introduced a 
massless hidden-sector quark. This chiral symmetry can 
be broken by a squark condensation, not breaking su- 
persymmetry. So the hidden-sector quark is expected to 
obtain a mass of order (qq) / '(8tt 2 )A. In Fig. EJ the con- 
densation of the hidden-sector quark cannot appear but 
only the effective mass can be present as shown in Fig. 

El 

Thus, with n hidden-sector quarks, we expect the 
height of the hidden-sector instanton potential is 



MA 



m 

8tt 2 A 5 



(21) 



Here we inserted one power of the hidden-sector gaugino 
mass. Without the gaugino mass, i.e. without the gravi- 
tational effect (M ~ A 3 /Mp), all insertions in the 't Hooft 
determinental interaction involve condensation and can- 
not contribute to the axion mass. It contributes to the rj' x 
mass in Eq. (IS}. At this level, (qq) is not determined. 
There is no constraint on the scale of the hidden-sector 
squark condensation which can be very small. If we take 
an arbitrary value of order 10 _3 A, the suppression factor 
is of order ~ 10~ 5 " which must bring down the instanton 
potential below the QCD scale for n > 8. 



IV. CONCLUSION 

In this paper, we discussecl two plausible mechanisms 
toward lowering the decay constants of superstring ax- 
ions. For the MD-axions winding a nearly vanishing 2- 
cycle background in the warped region, the localization 
is a plausible mechanism for lowering the axion decay 
constant. Here, the Wen-Witten world-sheet instanton 
problem must be evaded so that a large superpotential 
is not generated. Two axions are needed if we require 
the hidden sector confining force. In this case, the axion 
mixing must be studied to pinpoint what is the decay 
constant corresponding to the QCD axion. To lower the 
decay constant of the QCD axion much below the string 
scale, it is pointed out that it is required to make the 
hidden-sector instanton potential be lowered below the 
QCD instanton potential. Even if we introduced massless 
hidden-sector quarks, this problem is nontrivial because 



6 



of the chiral symmetry breaking via the hidden-sector 
squark condensation. It was pointed out that it is pos- 
sible with sufficiently many hidden-sector quarks with a 
low value of the the hidden-sector squark condensation. 

[Note added]: During this work, a work on the re- 
lated topic appeared by P. Svrcek and E. Witten, 
|hep-th/0605206l 
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